Let O K be a complete discrete valuation ring with perfect residue field F of characteristic p ≥ 3 and M a free filtered Dieudonné module. The second relative syntomic cohomology H 2 O K F M 2 with coefficients in M is an object related to arithmetic geometry, such as the albanese kernel. In this article, we study H 2 O K F M 2 by constructing the exponential homomorphism. We determine the structure of H 2 O K F M 2 , under the assumption that M is of Hodge-Witt type and that the absolute ramification index of O K is prime to p.
INTRODUCTION
Let F be a perfect field of characteristic p ≥ 3, W = W F the ring of Witt vectors of F, and K 0 be the field of fractions of W . Let K/K 0 be a totally ramified finite extension of degree e, and O K the ring of integers in K. In this article we study the relative syntomic cohomology
with coefficients in M, which was defined in [14] . (We will review the definition; cf. Definition 2.3.) Here M is a free filtered Dieudonné module over W in the sense of Wintenberger [13] (cf. Definition 2.1; M is a W -module endowed with a decreasing filtration M i i∈ ≥0 . Our relative syntomic cohomology with coefficients is a variant of the syntomic cohomology of Fontaine and Messing [6] ; the one with coefficients has been considered in [11, 12] . It is related to objects of arithmetic geometry in many directions (e.g., Milnor K-groups, p-divisible groups, and albanese kernel) where the map in the bottom row is the classical exponential homomorphism.
In this setting, our exponential homomorphism can be written as
Comparing with the map * above, this could be regarded as the degree two version of the classical exponential homomorphism. The group H 2 O K F M 2 might be considered as a kind of "translated p-divisible group" (cf. [3] ). Example 1.5. Let X be a smooth projective scheme over W of relative dimension d < p. Assume that the de Rham cohomology groups H j dR X/W are free W -modules for any j. Let r be an integer such that 0 < r < p. Set X O K = X ⊗ W O K and X F = X ⊗ W F. Let K M r X O K and K M r X F be the (Zariski) sheaf of Milnor K-groups on X O K and X F , respectively. The cohomology group
is important in arithmetic geometry. It is related to the Chow group CH d X of X when r = d, and appears in the class field theory of X when r = d + 1. We shall explain that the group H 2 O K F H d+r−2 dR X/W r − 2 2 has something to do with a certain subgroup of this group. (Here r − 2 means the translation. There is a natural structure of a free filtered Dieudonné module on H j dR X/W ; cf. [4, 8] .)
It is shown in [14] that the group (2) is nicely approximated by the relative synotmic cohomology group H d+r X O K X F S r . In the simplest case X = Spec W and r = 2; the group
with M the unit object. This group nicely approximates the Milnor K-group as explained in Example 1.3 above. In general, it is shown in [14] that in the infinitesimal point of view the groups (2) and H d+r X O K X F r are isomorphic modulo "essentially zero functors."
The group H * X O K X F r is related to our synotmic cohomology
(This sequence is deduced from the Leray spectral sequence [14, Theorem C] ). Using the translation, we have isomorphisms (cf. Remark 2.6) 
suggests that
X/W r − 2 2 should approximate the "non-pro-representable part," that is, the albanese kernel. It seems an interesting problem to make a precise relation between those: Problem 1.6. Let T X K and T X F be the kernel of the albanese maps
respectively. (Here A 0 * denotes the degree zero part of the Chow group CH d * .) Does there exist a canonical surjection
(Here p means the p-primary part.)
DEFINITION OF THE SYNTOMIC COHOMOLOGY
Let σ W → W be the Frobenius endomorphism. We recall the two definitions.
Definition 2.1 (cf. [13] ). A free filtered Dieudonné module over W (of finite type) is a free W -module M of finite rank, endowed with
satisfying the conditions
Definition 2.2. A free filtered Dieudonné module M is said to be of Hodge-Witt type if there is a (finite) sequence of subobjects of M M i 0≤i≤N such that We recall the definition of the syntomic cohomology. We shall follow the method of Kato [8] , namely, we directly define a complex on the Zariski site. (We shall not use the syntomic site of Fontaine and Messing [6] ; cf. [8,
Let M be a free filtered Dieudonné module. We use the notation φ r = p −r φ, which is defined on r i=0 p i M r−i ⊂ M. Let B = W T be the ring of formal power series. Fix a prime element π K ∈ K. Let f T ∈ B be the monic minimal polynomial of π K , so that f T is an Eisenstein polynomial of degree e. We identify B/ f T and O K by the isomorphism B/ f T ∼ = O K ; T → π K . Let D be the PD-envelope of B with respect to the ideal f T , so that
The projection map B → O K can be naturally extended to D → O K , whose kernel is denoted by J. Let I = J + pD be the kernel of the composite
, let J r and I r be the rth divided power of J and I, respectively. We define J r = I r = D for r ≤ 0. Let B/W be the p-adic completion of the differential module B/W of B. This is a free B-module of rank one with a base dT . The differential
which are also denoted by ∇. Let r be an integer satisfying 0 ≤ r < p. Let φ be an endomorphism of B defined by φ T = T p and φ a = σ a a ∈ W . This endomorphism φ can be naturally extended to an endomorphism of D. The endomorphism φ induces an endomorphism of B/W , which is also denoted by φ. Since φ B/W ⊂ p B/W , we can define
is an endomorphism of B/W . We define
to be a unique homomorphism which coincides with φ r−i−1
We define the complex M r O K and M r O K /pO K to be the complex of abelian groups 
Next, we define the relative syntomic cohomology. Note that we already defined M r W/pW = M r F (as for the case K = K 0 ). We define the complexes M r O K /pO K F and M r O K F to be the mapping fibers of
Here ψ is the map induced by O K /pO K = F T / T e → F; T → 0, and ψ is the composition of the natural map M r O K → M r O K /pO K and ψ. We remark that the complex M r F is quasi-isomorphic to The following lemma will be used later.
Lemma 2.7. Let M be a free filtered Dieudonné module and 0 ≤ r < p.
Then, we have
for any q ≥ max r + 1 2
for any q ≥ r + 1
Proof. The second equation is clear from the definition. Other equations are proved in [14] .
DEFINITION OF THE EXPONENTIAL HOMOMORPHISM
For a free filtered Dieudonné module M and 0 ≤ r < p, we define the complex M r by the exact sequence
Then, we also have an exact sequence
Since M 2 is acyclic outside 0 1 , we have an exact sequence
Proof (cf. Nakamura [10] ). By definition, we have
Using the exact sequence
we have 
Remark 3.3. When F is a finite field, the group H 2 O K F M 2 is finite (without assumption that M be of Hodge-Witt type nor e p = 1). This fact can be shown as follows. Since the group O K /W is a finite group and by the exact sequence (3), we have only to show the finiteness of
By using the method of [14] , one can show that there exists an exact sequence
(cf. [14, Proposition 6.2] and its proof). Since H 2 F F M 2 = 0 (cf. Lemma 2.7), this exact sequence deduces the finiteness by the induction on e. A similar fact also holds for the non-relative cohomology
Proof of Theorem 1.1(i). Assume M to be of Hodge-Witt type. In view of the exact sequence (3), we need to show that the group H 2 O K /pO K , F M 2 is trivial. Let N be the level 0 1 -part of M. There exists an exact sequence
The vanishing of the third term is a consequence of Remark 2.6(ii) and Lemma 2.7(iv). The following lemma shows the vanishing of the first term.
Lemma 3.4. If M is a free filtered Dieudonné module satisfying
Proof. The complex M 2 F is quasi-isomorphic to
−→ M is an isomorphism (cf. Definition 2.1(iv)). Hence this complex is exact, and assertion (i) follows.
Remember the group H 2 O K /pO K M 2 is defined to be the cokernel of the map
Take v ∈ M and m ∈ >0 . To finish the proof, we need to show that 
By the inductive hypothesis, the second term of the right hand side is also in the image of 1 − φ 2 ∇ . This completes the proof.
THE KERNEL OF THE EXPONENTIAL HOMOMORPHISM
In this section, we assume that e is prime to p. Then, we can take a prime element π of K which satisfies a = π e /p ∈ W * , so that f T = T e − pa. In what follows, we fix such a π. We first define the group H M O K .
Let M be a free filtered Dieudonné module such that M 2 = 0. Then we have a σ −1 -linear map V M → M which is characterized by V φ x + φ 1 y = px + y x ∈ M y ∈ M 1 (cf. [5, Sect. 9] ). The image of V is pM + M 1 and V is the inverse map of
We define two maps:
Let n be a positive integer. We consider a series of positive integers L = i j j∈ /n . (We also use the notation L = i 0 i n−1 . We call n the length of L.) For L = i j j∈ /n , we define the group H M O K L to be the quotient group of M by the subgroup there exists u 0 u n−1 ∈ M such that aρ u 0 + τV i n−1 u n−1 τV
For given M and L, it is a problem of linear algebra to calculate H M O K L . 
g., the unit object (cf. Example 1.3)). For L = 1 1 1 of length n, we have 
There exists a decomposition
Example 4.3. If e ≤ p − 2, then S = S 0 . If e = p − 1, the decomposition (4) can be written as
Example 4.4. When p = 3, the decomposition (4) in some cases is as follows:
• If e = 8, then S = S 0 ∪ 1 ∪ 4 .
• If e = 13, then S = S 0 ∪ 2 5 .
• If e = 80, then S = S 0 ∪ 1 ∪ 4 28 ∪ 10 ∪ 13 31 37 . 
The following lemma is the main step of the proof of Theorem 1.1(ii). 
We shall calculate the image of δ. We first complete the proof of Lemma 4.7, admitting Lemma 4.8. We show that if k > e/ p − 1 then w = v ⊗ π k−1 dπ ∈ Im δ for any v ∈ M. To show this, we show the following assertion by the induction on n: If k > p −n p n−1 + p n−2 + · · · + p + 2 e, then w ∈ Im δ . Note that if k is divisible by p, then w is of the form (5), so the assertion holds. Thus we may assume k is prime to p. Then w may appear as the first term of (6) (note i k = 1 since k > e/ p − 1 ). When n = 1, the assumption shows kp − e > e. Hence the second term of (6) is trivial, so the assertion holds. Assume n > 1. Then kp − e > p −n−1 p n−2 + p n−2 + · · · + p + 2 e, so the second term of (6) is in Im δ by the inductive hypothesis. The assertion is proved.
Next, we consider w = v ⊗ π k−1 dπ for k ∈ S = m 1 ≤ m ≤ e/ p − 1 . (We use the notations in the beginning of this section.) If k ∈ S 0 , we see that w is in the image of δ by (6) and (5) . Let k ∈ S − S 0 . We see by (6) that The map
